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Abstract 

^ , It is known that the presence of antisymmetric background field B^i^ leads to non- 

0^ ' commutativity of Dp-brane manifold. Addition of the linear dilaton field in the form 

$(a;) = $0 + flpX^, causes the appearance of the commutative Dp-brane coordinate 
^^ . X — afj^x^. In the present article we show that for some particular choices of the 

O ; background fields, a? = C^a^a^ = and d^ = [(G - ABG-^B)-^ I'^^a^a^ = 0, the 

local gauge symmetries appear in the theory. They turn some Neuman boundary con- 
ditions into the Dirichlet ones, and consequently decrease the number of the Dp-brane 
dimensions. 

^ . PACS numher(s): ll.lO.Nx, 04.20.Fy, ll.25.-w 

>'• 

K>^ ■ 1 Introduction 



Quantization of the open string ending on the Dp-brane, with constant metric G^p and 
antisymmetric tensor Kalb-Ramond field B^jj , leads to the noncommutativity of the Dp- 
brane manifold pp. Inclusion of the dilaton field $ linear in x^ was studied in Hj-Il]. In 
ref.[2], the Dirichlet boundary conditions were constructed, while in refs.jHll^, the noncom- 
mutativity structure was analyzed. Ref.|l] considers the conformal part of the world-sheet 
metric F as a dynamical variable, introducing an additional boundary condition corre- 
sponding to F. It becomes a new noncommutative variable, while Dp-brane coordinate in 
the direction of the dilaton gradient Oj = di^, turns into a commutative one. 

*Work supported in part by the Serbian Ministry of Science and Environmental Protection, under 
contract No. 141036. 

^e-mail address: bnikolic@phy.bg. ac.yu 
*e-mail address: sazdovic@phy.bg. ac.yu 



Let us clarify the role of the field F in the open and closed string theory. In presence of 
the dilaton field, the classical action as well as the Neumann boundary conditions explicitly 
depend on F and break confornial invariance. On the space-time field equations the field 
F decouples on the quantum level from the closed string theory. These conditions do 
not guarantee that it decouples from the open string theory, because the contribution of 
the boundary conditions should be investigated. The purpose of this article is to check 
whether open string theory depends on the field F. 

We consider some particular cases when Oj is light-like vector, with respect to the 
closed string metric Gij, a? = C'^UiUj = 0, as well as to the effective one G?- , a^ = 
{G^rrY^aiaj = 0. As a consequence of these conditions, the first class constraints and 
local gauge symmetries appear. These gauge symmetries have different origins. In the 
first case, a^ is a coefficient in front of F, so that condition a^ = produces the standard 
canonical constraint, which is of the first class. In the second case, some of the constraints 
originated from the boundary conditions, for a? = Q turn from the second class into the 
first class constraints. 

As a consequence of gauge symmetries, some of the initial Dp-brane coordinates change 
the corresponding boundary conditions from Neuman to Dirichlet and decrease the number 
of the Dp-brane dimensions. The closed string coordinates, which depend on the open 
string ones but also on the corresponding momenta, define the noncommutative subspace 
of Dp-brane. The noncommutativity parameter is proportional to the antisymmetric field 
Bij. Some closed string coordinates depend only on the open string ones and they are the 
commutative directions of Dp-brane. 

In all cases, solving the second class constraints, we find the effective theory. It is 
again the string theory defined in terms of the open string variables, symmetric under 
transformation a ^ —a and propagating in new open string background. 

At the end we shortly discuss the another possibility to cancel conformal anomaly by 
introducing Liouville action, which is kinetic term for the field F. The results obtained 
in this framework are in full correspondence with the results in absence of the Liouville 
action, which will be discussed in concluding remarks. 

The appendix is devoted to some geometrical tools, which help us to express the results 
clearly. 

2 Action and space-time field equations 

Let us introduce action describing the open string propagation in the background defined 
by the space-time metric Gfj_u{x), Kalb-Ramond antisymmetric field B^i,{x) and dilaton 



scalar field <I>(x) [SI 

S = K f d\,/^ I \g^PG^,{x) + ^B^,{x) d^x^dpx^ + cD(x)i?(2) I . (2.1) 

Jt. { [^ V-S' J J 

Here, x'^ (/i = 0, 1,2, ...,Z) — 1) are coordinates of the D dimensional space-time and 
^"(a = 0,1) parameterize the two dimensional world-sheet S. Further, R^"^' denotes 
the scalar curvature related to the intrinsic world-sheet metric gap-, while g = Aetgap- 
The antisymmetric tensor e"^ is two dimensional e-symbol with the adopted convention 
e'^^ = —1. The constant k = g^p^ is known as string tension, where a' is Regge slope. The 
following notation is used: da = ^r^, 5^ = g^, ^^ = t and £}- = a {a ^ [O)'^])- 

The goal of introducing dilaton field is to preserve classical Weyl symmetry on the 
quantum level [H]. It is realized under the following conditions [7] 

/3^^ = R^.v - jB^p^B^P" + 2D^a^ = , (2.2) 

/3^, = DpBf^, - 2apBP^, = , (2.3) 

/3* = Attk^^^ -R + ^Bpp^B^^P'' - 4Dpa>' + 4a^ = , (2.4) 

where Rp,u, R and Dp are space-time Ricci tensor, scalar curvature and covariant deriva- 
tive, respectively, Bpp^^ is field strength of the field Bpi, and the vector a^ is the gradient 
of the dilaton field. 

The background fields in the form [3] 

Gpu{x) = Gpu = const , Bpy{x) = Bpy = const , 

$(x) = $0 + a'^lX^ , {afi = const) 
are an exact solution of the above equations for 

9 26-D , , 

a^ = KTT — - — . (2.5) 

O 

Note that for a^ = the theory describes the critical string {D = 26) and for a^ > 
the noncritical one (D < 26). 

By a;*(^) (i = 0, 1, ...,p) we denote Dp-brane coordinates and by x"(^) (a = p + l,p + 
2, ...,D — 1) the orthogonal ones so that Gp^i, = for ^ = i and u = a. The part of the 
action (|2.H) describing the free string propagation in x" directions decouples from the rest. 
In order to simplify the problem, we assume that the background fields Bp^^ and ap are 
nontrivial only along Dp-brane: Bpy — > Bij, ap ^ ai. 

Choosing the conformal gauge gap = e'^^rjap, we obtain 



S{x\F) = K j (fi (-ri'^^Gij + e'^f^Bij)dax'dpx^ + 2r]'"^aidax'dpF 



(2.6) 



Classically, it is not conformally invariant, because it depends on the conformal part of 
the metric, F. 



3 Noncommutativity in the case a^ 7^ and a^ 7^ 

In order to introduce notation and to have possibility to discuss all cases from an unique 
point of view, let us make a brief review of refs.[lJ|Sl. 
The canonical Hamiltonian 

H, = r daUc = r da{T_ - T+) , (3.1) 

Jo Jo 

is expressed in terms of the energy-momentum tensor components 

T± = T^ (g^V±. J±, + A4) + 1 (4' _ F'^i) . (3.2) 
The currents on the Dp-brane are 

4 = {P^fj±j + ^it = J± - ^J , (3.3) 

j±i = vTi + 2KU±ijx'^ , (ll±ij = B,j ± -G,j\ (3.4) 

"•* - TT ± 2Kaix'' , j = a'j±i - -4 , (3.5) 



'-i 



I 



p _ 0, , 1 •<!> 



± = -^^±i - ir^i± ± 2kF' , (3.6) 



a 



2a2 



where the projector (-Pr)i-' is defined in ()A.5|) . We use the notation daX = X' , for any 
variable X. The canonical momenta conjugated to x* and F are denoted by ttj and tt, 
respectively. The Poisson brackets between canonical Hamiltonian and the currents J±i, 
i* and i^ are 

{i7„J±a = TJ4,, {H,,tl} = Tif, {H,,t^} = ^if. (3.7) 

3.1 Boundary conditions and consistency procedure 

The Neuman boundary conditions corresponding to the fields x* and F are of the form 



(0) 

Ti 



and 7^°) 



0, where 



7f ) = n+., Ji + n_,, Ji + |(^^ - ^l) , 7^°) = ^ 0? " ^^) ■ (3-8) 

They are considered as canonical constraints. Assuming that Gij, Bij and Oj are constant 
and applying the standard Dirac procedure, with the help of the relations (|3.7|) , we obtain 
a set of compact conditions 

r,(c7) = n+,, J^(a) + n„,,4(-a) + | [i^{a) - i^i-a)] , (3.9) 



Tia) 



^\^'^J^^)_,l^_^)^ , (3.10) 

and conclude that the canonical variables are 27r periodic functions. 

The Poisson brackets between canonical Hamiltonian and constraints Fj and F are 
equal to their sigma derivatives, which means that there are no more constraints in the 
theory and we completed the consistency procedure. 

The complete set of the constraint algebra is of the form 



{XA(cr),XB(cr)} = -kMabS' , XA = {Ti,T), 6' = daS{a - a 



where 



Mab 



2a,- 



To the space-time component 



Gij = Gij — ABikiPx) Bij = {PrpGeff)ij , {G^j = Gij — ABi^G Bij 



we will refer as the open string metric, where (-Pj')i-' is defined in ea. (|A.9|) 
The determinant 



det Mab = -4a^ det G 



I] , 



(3.11) 
(3.12) 

(3.13) 
(3.14) 



shows that for a^ 7^ and a^ 7^ 0, which we assume in this section, the rank of Mab is 
equal to p + 2 and all constraints are of the second class (except the zero modes, see [5]). 



3.2 Solution of the second class constraints and noncommutativity 

In terms of the open string variables 



q^(a) = \\x\a)+x\-a) 



(a) = l \x'{a) - x\-a) 



f{a) = \ [F{a) + Fi-a)] , /{a) = \ [F{a) - F{-a)] , 



(3.15) 



(3.16) 



(with similar expressions for momenta Pi, Pi, p and p), the constraints Ti{a) and T(a) take 
the form 



Ti = 2{BP^ypj + —{Ba)ip - KGij-q' - 2Ka,f +Pi, T = p- 2Kaiq" . (3.17) 

Solving the constraint equations Ti(a) = and r(o") = 0, we can express the closed 
string variables in terms of the open string ones 



7Ti=p,, x\a) = q\a) - 2 / dai &^pj{ai) + &p{ai] 

Jo L 



7r=p, Fia) = f{a) + 2& / damiai] 

Jo 



(3.18) 
(3.19) 



where the parameters are defined as 



Qij 

with 



1 



{PtEP^Y^ 



1 



(G-^fU^BG-^U^y^ , Q' 



(aBG 



-l\i 



{aBG 



-l\i 



{Pt) 



{G-hr' 



2Ka^ 



2na 



?,2 



bJ 



-^i)k-' 



(no)fcJ 



(3.20) 
(3.21) 



The projectors (nj,)j-' and {Pi)i^ are introduced in (jA.GI) and HA.8() . 

The noncommutativity tensor 0'-' has a clear geometrical interpretation. The induced 
close string metric Qij on the p dimensional submanifold orthogonal to vector Oj is {Pj'G)ij , 
while the corresponding open string one gij is {PT)ij- Consequently, in terms of the 
induced metrics on Z)p_i-brane, the noncommutativity parameter for x* variables has the 
same form as in the dilaton free case 



Q^J 



\g-^Bg-^r 

K 



(3.22) 



We are going now to find the effective theory in terms of the open string variables. 
In analogy with the closed string currents H3.3() - H3.5() . we introduce open string currents 
denoted by i*, j±i, j and J^ substituting the closed string variables and metric tensor 
with open ones and omitting the antisymmetric field. Correlating the closed string currents 
with the open string currents, we obtain 



T± = T±, He = Tic, 
where we introduced effective energy momentum tensor and Hamiltonian 
1 



T± 



Ak 



(G-i)*V±,4, + pi 



\(^ 



+ 2i^" 



ni 



He 



n. 



(3.23) 



(3.24) 



Therefore, the effective theory has the same form as the original one, but in terms 
of the symmetric variables g*, / and corresponding momenta pi, p in new background 



G,: 



^ij) -Djj 



and $ — > <l>o + aj 



Using Poisson brackets of the closed string variables, we can calculate the algebra of 
the open string ones 



{q'{T,cr),pj{T,a)} = 5'j6sia,a), {f{T,a),p{T,a)} = 5s{a,a) 
where the symmetric delta function is 

6s{a,a) = -[6{a-a) + 6{a + a)]. 
Now, it is easy to calculate Poisson brackets 

{x\a),x^{a)} = 2&^9{a + a), 



(3.25) 



(3.26) 



(3.27) 
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{x\a),F{a)] = 2Q'e{a + a), {F(a), F(^)} = , (3.28) 

where the function 9[x) is defined as 

if X = 
1/2 if0<x<27r. (3.29) 

1 if X = 27r 

It is useful to separate the center of mass closed string coordinates 

1 



dax\a) , x\a) = x\^ + X\a) , (3.30) 

vr Jo 

Fcm = - r daF{a) , F{cj) = F^^ + r{a) , (3.31) 



so that we have 



where 



{X\a),X^{a)} = &^A{a + a) , (3.32) 

{X\a),J^{a)} = Q'Aia + a), {.F(a),.F(a)} = , (3.33) 

( -1 iix = 

A(x) = 2e{x) -1 = < if0<x<27r. (3.34) 

[ 1 if a; = 27r 

Therefore, the variables X^ and J^ are commutative in the interior of string, while on the 
string endpoints they are noncommutative. 

As a consequence of the relations aj6*-' = and OjG* = 0, coordinate xq [see ea. (|A.17|) ] 
becomes a commutative one. On the other hand, F is the new noncommutative variable 
and the number of the noncommutative variables is the same as in the dilaton free case. 

4 Noncommutativity in the case a^ = and a^ ^ 

In simple dynamical theories velocities (time derivatives of the coordinates) can be ex- 
pressed in terms of the canonical momenta. However, when the coefficient in front of 
velocity is equal to zero, there appears a constraint in the theory (see for instance ref.|lUjl. 
Here we are going to investigate a particular case when the gradient of dilaton field 
ai is light-like vector with respect to the closed string metric Gij, a^ = 0. This condition 
causes the existence of a first class constraint. 



4.1 Canonical analysis 

The canonical momenta conjugated to x* and F 

■Ki = K{GijX^ - 2Bijx'^ + 2aiF) , tt = 2«;aiX* , (4.1) 

can be combined as 

j = a'-Ki - -TT + 2Ka'BijX^' = Ikq^F , (4.2) 

which means that, for a^ = 0, j is a constraint of the theory. 

The canonical Hamiltonian obtained by standard definition Tic = vTji;* + ttF — C 

n, = ^TTiG'^TTj + ^x^'Cj^x^' + 2T,i{G-^B)W' + 2Kaix''F' , (4.3) 

can be expressed in terms of currents 

r±^ = j±^ ± 2KaiF' , (4.4) 

in the form 

We = T„ - r+ = l-G^^{f_J*_^ + JlJl^) . (4.5) 

The constraint j has the same form in terms of the Dp-brane currents (|3.4|) as in terms of 
the currents j^-j 

j = a'j±^-lil = a'jh-l^±■ (4.6) 

To investigate the theory with constraints, we introduce total Hamiltonian 

Ht = I daUr , nT = nc + Xj , (4.7) 

where A is a Lagrange multiplier. 

Using the Poisson brackets of the basic canonical variables, we obtain 

{jli, Ji,} = ±2KGi,6' , Oi, 4} = ±4Ka,y , (4.8) 

while all opposite chirality currents commute. It is easy to show that 

{jli,j} = 0, {Ht,j} = 0, (4.9) 

and consequently j is a first class constraint. So, the theory is invariant under some local 
symmetry. 

The gauge transformation of any variable X is defined in terms of symmetry generator 
G in the form 

d^X = {X,G}, G = J dar^{a)j{a) , (4.10) 



which produces 

SrjX^ = a^r] , 6r^F = —-r], 6rjTTi = 2Ka^ BjiT]' , (J^vr = . (4-11) 

The transformation of the intrinsic metric tensor has form 

Sr,9af3 = -V9af3 , (4.12) 

and we recognize the two dimensional Weyl symmetry as a part of the above gauge sym- 
metry. 

4.2 Gauge fixing and solution of constraints 

The gauge freedom allows us to fix one degree of freedom. We choose F = and after 
that we can treat j and F as second class constraints. On the constraints we have 

J±^^j±,, i^^O, 4^2aV±i, (4.13) 

so that the boundary conditions (|3.8|) take the form 

7f = n+^j-j + H-i^j+j , 7^°) = ci\j-, - j+i) . (4.14) 

They are considered as canonical constraints. Examinig the consistency of the constraints, 
we obtain 

r,(a) = U+ij_j{a) + U_i^U,{-a) , T{a) = a' [j.i{a) - U^{-a)] , (4.15) 

which satisfy algebra 

{r,(a),r,(a)} = -KG^fy, {r,{a),r{a)} = -2Kai6' , {r{a),r{a)} = . (4.16) 

The Poisson brackets of the complete set of the constraints xa = (r^) T) can be written in 
a matrix form 

{XA{cT),XB(a)} = -kMab6' , (4.17) 

where 

We assume that det G|/ / and with the help of the relation 

det Mab = -^c? det G-/-^ , (4.19) 

we conclude that for a^ 7^ all constraints originated from boundary conditions are of the 
second class. 



In terms of the open string variables introduced in ()3.15() - (|3.16|) . the constraint equa- 
tions, Ti(a) = and T{a) = 0, produce 

P^ = 0, t = -{G-hBG-^fp,, (4.20) 

ttiq' = , a% + 2K{aB)iq'' = . (4.21) 

Treating gauge fixing and the first class constraints as second class constraints, from j = 
and i^ = we obtain additional equations 

a'pi-]^p + 2K{aB)it = ^, a% - ^p + 2K{aB)iq" = , / = 0, 7 = 0. (4.22) 

From the first equation in (|4.20j) and second in (|4.21|) follows {aB)iq'^ = 0, which in 
notation of (|A.17|) can be rewritten as q'l = 0. The second equation in (|4.20|) and the 
first equation in (|4.2H) give (dBYpi = i.e. pi = 0. Consequently, the string dynamics is 
desribed by the following coordinates and momenta 

(QtY = (PtYjQ' = Q' (4)^ = iPT)^'PJ = Pi , (4.23) 

where the projector P^ is defined in ()A.8|) . Now, we can rewrite (|4.2()|) in the form 
g'* = ^{G~r rBG~^ P^y^ Pj . It is useful to separate it into direction along {aB)i and the 
orthogonal one g'* = q'l + (g^^)'* 

(jji^f = _2e*^P, , q'l = -{G~}.P,BG-^rP, , (4.24) 

n ■' ' 

so that tensor 

e'^' = --{G-}fP^BG-^P^y^ , (4.25) 

K ■' ■' 

is antisymmetric. Substituting expression for q'^ in the first equation 1)4.22(1 . we have 
p = 2a' Pi. 

The final solution of the equations (|4.20() - H4.22() is 

x'dM) = Q'io) - 2e*^' r daiP,{cji) , vrf- = Pi , (4.26) 

^ Jo 

xi((j) = -{dB'^G-y r daiPi{ai) , tti = , (4.27) 

K, Jo 

F = 0, vr = 2d' Pi , (4.28) 

where we choose integration constant q'{cr = 0) = 0. From (|4.27j) and periodicity of Pi 
follows that xi satisfies Dirichlet boundary conditions i.e. xi{a = 0) = = xi(cr = vr). 
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4.3 Effective theory and noncommutativity 

Let us introduce effective current 

j±i =n± K{P^Geff)ijQ'' , (4.29) 

and correlate it with jj_^ defined in H4.4|) 

j1, = ±2(n±G;/^),^j±, . (4.30) 

Substituting this relation in ()4.5|) . we obtain the effective Hamiltonian 

K = r_-r+, f± = T^{G;.Kpifj±d±j (4.3i) 

From definitions of the current j±i and the expression for the energy-momentum tensor 
T± we can conclude that the effective metric tensors are 

gf = {P^G^ff),, , 4^ = {G-}fP^r ■ (4.32) 

In fact they are induced metrics on subspace defined by the projector Pj,. This projector 
also plays the role of unity in this subspace qH gjft = {PT)i'' ■ 

Effective theory is expressed in terms of the open string variables, Q^ and Pi, which 
satisfy the algebra 

{Q\a),P,ia)} = (P^y^6{a-a), (4.33) 

in the background 

Gij^gtl^, Bij^O, cD^O. (4.34) 

Using the solution (|4.26|) we find the noncommutativity relation 

{x\>^{T,a),x^o^iT,a)} = 2Q^^eia + a), (4.35) 

where the function 0{x) is defined in eq. (|3.29|) . If we separate the center of mass variables 
in the way described in (|3.3U|) - ()3.31|) . x^, {a) = {x\) )cm + X}j i'^)^ ^^ obtain 

{Xh^{a),Xi,^ia)} = e^^Aia + a) , (4.36) 

where the function A(x) is defined in 1)3. 34() . 

The solution (|4.27|) for the closed string coordinate xi satisfies Dirichlet boundary 
conditions, while the conformal part of the intrinsic metric F satisfies these boundary 
conditions automatically, because F = 0. So, the number of Dp-brane dimensions de- 
creases from p + 2 to p. On the other hand, we have OjQ* ^ and OjG*-' = 0, so that 
Xc = aiX^D = ttiQ^ is commutative coordinate, because it is momentum independent vari- 
able. There are one commutative coordinate, in the direction of the dilaton gradient a^, 
and p — 1 noncommutative ones. 

11 



5 Noncommutativity in the case a^ = and a^ 7^ 

As a consequence of (|3.1ip , the singularity of the matrix M^b turns some constraints into 
the first class. According to the (|3.14|) the singularity corresponds to the case a^ = 0. In 
this section we also suppose a^ / 0. 

In the case we are going to deal with, not only Mab but also Gij = {P^Geff)ij is 
singular. For a^ = 0, Pj^ is the projector on the subspace orthogonal to the vector (dS)* 
[see ea. ()A.9|) ]. which can be expressed as {aBG~^G)i = 0. So, detM^^, as a function of 
a?, has two zeros in d^ = and we can expect to have two first class constraints. 

The canonical analysis, boundary conditions and the related consistency procedure are 
the same as in the case a^ 7^ and a? 7^ 0, of Sec. 3. Let us turn to the separation of the 
first and the second class constraints. 

5.1 Classification of the constraints 

According to the canonical procedure for the constrained systems, we introduce total 
Hamiltonian 

Ht= I daHr , nT = nc + y{a)Ti{a) + \{a)T{a) , (5.1) 

where 71^ Tj and T are the canonical Hamiltonian and constraints defined in ()3.1|) . 
(|3.9() and 1)3. 1U() . while A* and A are Lagrange multipliers. The consistency conditions 
{HT,Ti{(j)] ^ and {HT,T{a)] w produce 

T'i^-KGijX'^ -2Kai>^ , T' -^ -iKQiX'' . (5.2) 

Here "~" is a symbol for weak equality, which means that it is fulfilled on the constraints. 
With the help of the projectors (Po)i^ (A)i^ and {PtV , defined in (T^ . (TOl) and 
()A.12|) respectively, we decompose the Lagrange multipliers A* 

A^ = [XtY + {XiT + (Ao)* = (At)' + 2Ai{dBy + Asd^ , (5.3) 

where Ai = — j{XBa) and A2 = -^^ — "^^ . Now, the consistency conditions ()5.2|) turn to 
the equations 

(A+^A2)' = -^, (A^r = -^(G;Ar^(^T)/n, (5.4) 

where P^ is the projector defined in ()A.5|) . So, the coefficients Ai and A2 are not deter- 
mined. 

If we rewrite the term A^Fj using the equation 1)5. 3() . we obtain 

Ht = Hc+ r da [(At)'(Ft)* + (A + Ja2)F + AiFi + A2F2I = H'+ T da(AiFi+A2F2) , 
Jo I 2 J Jo 

(5.5) 
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where 

Ti = 2{dBG~yTi , Ta = aT, - ^r . (5.6) 

The constraints, T^ and r2, multiphed by the arbitrary coefficients Ai and A2, are of the 
first class, while {TT)i and F, multiplied by the determined multipliers, are of the second 
class. 

Using the algebra of the constraints (|3.11|) . we can easily calculate 

{ri,r,} = o, {ri,r} = o, {r2,ra = o, {r2,r} = o, (5.7) 

and confirm the result that constraints F^ and F2 are of the first class. 

Let us mark the set of second class constraints with XA = {(^T)i,^} and define the 
matrix Mab with the relation {xa,Xb} = —kMabS'- We easily obtain 

/ Mii 2ai \ , ^ 

where Mij = (PTGeff)ij — {PoGeff)ji- The matrix Mab maps two vectors to zero 

m(°)=0. m((;^))=0. (5.9) 

So, its rank is not greater then p. We suppose that the rest of the matrix Mab is regular. 

5.2 Gauge fixing and solution of the constraints 

The first class constraints generate a local symmetry in the form 

SX = {X,G} , G= r daimVi + r?2F2) , (5.10) 

Jo 

where ??i and r/2 are the parameters of the transformations. The expressions 1)5. 6() in terms 
of the open string variables have form 

Ti = a'Pi -\v + 2{aBG-')% , F2 = d% -\p + 2{aBG-^Ypi . (5.11) 

They generate gauge transformations 

5q' = ~a\rj^)s+2{aBG-^r{m)s. '5/ = -^(^i)s, (5.12) 

5lt = ~a\ri2)a + 2{hBG-^)\m)a, <57 = -^(r/2)a , (5.13) 

where the indices "s" and "a" denote a symmetric and antisymmetric parts of the pa- 
rameters ?7i and ??2- The gauge transformations of the coordinate components are of the 
forms 

5{qiy = 2{aBG-^yms, 6{qoy = a'ms, %t)' = 0, (5.14) 
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6{q^y = 2idBG-^yma , 5{%r = ~a\2a, <5(gTr = 0. (5.15) 

To fix the gauge corresponding to the parameters r/2s, rjia-, Vis and r]2a, we choose 

{qiy=0, iq,y = 0, / = 0, 7 = 0, (5.16) 

which are equivalent to 

{aByq' = 0, {aByf = 0, / = 0, 7 = 0. (5.17) 

The set of the first class constraints and gauge conditions behave like a set of the 
second class constraints. The original second class constraints together with first class 
constraints ()5.11|) cause that full expressions Fj and T vanish 

2{BP^)/pj + ^{Ba)ip-KGijq'^ -2Kaj' = 0, Pi = , p = 0, aiq'' = . (5.18) 

The complete set of the equations consists of (|5.16|) , (|5.18|) and remained consequences 
of the first class constraints 

{dBypi = 0, p = 2d'p^. (5.19) 

Choosing integration constant q^{a = 0) =0 we obtain solution 

xhM) = Q\<r) - 2&^ r daiPjiai) , nf^ =Pi, xi = , vn = , (5.20) 

'^ Jo 

F = 0, Tr = 2d' Pi, (5.21) 

expressed in terms of the open string variables 

(QtY = (PtTjQ' = Q' , iPrh = {PtVpj ^ P ■ (5.22) 

The tensor 0*-^ 

Qij = -\(^Q-I p:^BG-^P^y^ , (5.23) 

is manifestly antisymmetric. 

5.3 Effective theory 

Similarly as in subsection 4.3, we define the effective current 

j±i = h± K(P^Geff)ijQ'' , (5.24) 

and correlate it with the currents jj_^ (|4.4() and i±. 1)3. 5|) 

jli = ±2{n±G:lf)ij±, - 4{G;}fU±PiBy^p, , i* = 2aV±. . (5.25) 
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We are going to express the Hamiltonian H' , defined in H5.5() . in terms of the open 
string variables. It is enough to do this for canonical Hamiltonian because we already 
solved the second class constraints. 

The energy-momentum components (|3.2j) can be rewritten in terms of j^j and i* as 



4k 






(5.26) 



Substituting the relations 1)5. 25() in the expression for energy-momentum tensor we 
obtain 

r± = f± , n^ = f^-f+ = nc, (5.27) 

where 

f± = ^^{G-}fP^r~j±i~j±j . (5.28) 

In terms of effective variables Q' &iid Pj , the effective theory lives in the background 
Gij -^ g^, = {Pj,Geff)ij, Bij ^ 0, <I> — > 0, and does not explicitly depend on antisym- 
metric and dilaton fields. 

5.4 Noncommutativity 

Using the algebra of the variables g* and pj (|3.25() . we can calculate the Poisson brackets 
of the open string variables Q* and Pj 

{Q\a),Pj{a)} = {P^y^5s{a,a) , (5.29) 

where 5s (o", a) is defined in equation (|3.2()j) . 

As in the two previous cases, with the help of the equations ()5.2U|) . after separation of 
the center of mass variables, we obtain 

{Xh^ (r, ct), X^^ (r, a)] = &^ A{a + a) , (5.30) 

where antisymmetric tensor ©*•' and the function A(x) are defined in (|5.23j) and (|3.34p . 
respectively. We can easily conclude that the interior of the string is commutative. 

Let us discuss more precisely the noncommutativity of the string endpoints. From 
(|5.2fl)) and (|5.21j) we conclude that xi and F satisfy Dirichlet boundary conditions and 
decrease the number of Dp-brane dimensions from p + 2 to p. The projection on the 
Dp-brane is realized by operator Pj., HA.9|) . Similarly as in the subsection 4.3, we have 
OjQ' 7^ but aj0*-' = so that Xc = diX^j^ = aiQ^ does not depend on the momenta and, 
consequently, it is commutative Dp-brane coordinate. All other p—\ Dp-brane coordinates 
are noncommutative. 
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6 Concluding remarks 

In this paper we have considered the contribution of the hnear dilaton field to noncommu- 
tativity in some specific cases when the dilaton gradient Oj is a light-like vector either with 
respect to the closed string metric, a^ = 0, or to the open string one, a^ = 0. We analyzed 
three cases: 1. a^ / and c? / 0, 2. a^ = and a^ / and 3. a^ = and a} / 0. In all 
cases we treat the conformal part of the world sheet metric, F, as a dynamical variable. 

The first case has been considered in ref.jlj. The Dp-brane coordinate, in the direction 
of the dilaton gradient aj, is commutative and F takes the role of a new noncommutative 
coordinate. So, there is one commutative and p + 1 noncommutative coordinates. 

In the second case, the condition a^ = produces one first class constraint. In the 
third case, as a consequence of the condition a^ = 0, two second class constraints turn 
to the first ones. In both cases, the first class constraints generate local symmetries and 
after gauge fixing, the gauge conditions and the first class constraints can be treated as 
second class constraints. Solving them together with the original second class constraints 
we obtain effective coordinates and momenta describing the string. In both cases, Dp- 
brane is p-dimensional with one commutative coordinate, in the direction of the dilaton 
gradient Oj, and p — 1 noncommutative coordinates. 

Let us discuss general features of the solutions (|3.18j) - (|.S.19|) . (|4.26|) and (|5.2fl|l 

^k(^) = Q\<y) - 2e'^' r da^P,{ai) , (6.1) 

^ Jo 

expressing closed string variables x'^j-, = {PopYj^'' in terms of open string ones and corre- 
sponding momenta 

Q' = iPDjjq', Pi = {PD,)ihj- (6.2) 

The variables Q* and Pi satisfy the algebra 

[Q\a),P,{a)} = [PDj,5M,a) , (6.3) 

where Pd^ is unity in the Dp-brane subspace (see Table I). 

Some closed string components vanish on the solution of constraints, because the pro- 
jections of both the open string coordinates and noncommutativity parameter vanish. It 
means that corresponding components are fixed and effectively satisfy Dirichlet bound- 
ary conditions. The other components, as xi in the second case, are different from zero, 
but also satisfies Dirichlet boundary conditions. Consequently, in both cases the number 
of Dp-brane dimensions decreases. In fact, first class constraints turn some Neuman to 
Dirichlet boundary conditions, so that, after carefully carried calculations, the true di- 
mension of the Dp-brane is D^p = 2p + 4 — 2Npcc — ^^scc, where Npcc is the number 
of the first class constraints and Nscc the number of the second class ones. 
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If the closed string components contain only the open string coordinates, while the 
momenta are absent, they are commutative degrees of freedom. In all cases, in a direction 
defined by the vector aj, the noncommutativity parameter G*-' is singular, aj©*-' = 0, so 
the effective momentum disappears from OjX^) . The corresponding effective coordinate is 
nonzero, a.j Q* 7^ 0, and consequently, one commutative coordinate Xc = aiX^£) appears. 

The closed string components (x„c)*, containing both the open string coordinates and 
momenta, are the noncommutative degrees of freedom. The noncommutativity relation 
has the same form in all three cases 



{Xl,^(r,a),Xi^(r,a)} = Q^^ ^{a + a) , [xh^{a) = x'j,^{a) - {x\,^ 



(6.4) 



When ttj is not light-like vector the parameter Q^^ is given in ()3.22|) . while in the other 
two cases, when Oj is light-like vector, it can be expressed in terms of projectors Pn^ 



Qij 



{G-}fPD,BG-^PD,r 



(6.5) 



The number of the noncommutative coordinates, Nnc^ is difference of Dp-brane dimension 
and the number of the commutative coordinates, Nnc = Dfjp — 1. All results are presented 
in the table I 



Case 


Npcc 


^scc 


Dop 


{PD,)^' 


VDbc 


\^nc) 


Xc 




52 / 0, aV 





P+2 


p+2 


6^^ 


- 


(no.x)%F 


Xq 


Gij 


a2 = , a^ / 


1 


P+2 


P 


{P^V 


xi ,F 


{PtxY 


Xq 


(P^GcjfY, 


^2 = , a V 


2 


P 


P 


{P^W 


xi ,F 


{PtxY 


Xq 


(P^GcjfY, 



where VDbc means variables with Dirichlet boundary condition. The projectors nip,^^, 
Pt, Px ^-nd -Rp as well as the coordinate projections (xq , xi) are defined in Appendix. 

In all cases the effective energy-momentum tensor T± satisfy Virasoro algebra. Conse- 
quently, the effective theory is a string theory propagating in the open string background 



Gi 



{9. 



effJij' ^ij 



Bij — > 0. The dilaton field survives only in the first case, again as a linear 



dilaton, <1) = <l>o + aiq\ 

The initial string, to which we refer as closed, is an oriented string. An effective one, on 
the solution of boundary conditions, is unoriented because it is symmetric under a -^ —a. 
It is well known, that an unoriented string does not contain explicitly Kalb-Ramond field, 
because the term e°'^ B^i/daX^d^x'^ is not invariant under transformation a — > —a. It 
explains the fact that in all cases the antisymmetric field disappears from the effective 
background, Bij — > 0. It can survive only as bilinear combination, which indeed occurs as 
a part of the effective metric. 

At the end let us discuss the contribution of the Liouville term which offers a new 
viewpoint of the results of this paper. It is known from ref.[7] that /5|^^ = = fSj^^, produce 
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c-nuniber value of the third beta-function playing the role of Schwinger term, /3* = c. In 
that case for D = 26 the central charge, c = 4a^, breaks conformal invariance. In order to 
cancel the conformal anomaly the corresponding Wess-Zumino term can be added to the 
action (|2.6|) . In the particular case this is just Liouville action 

S,= '^f,^i,f^3,Fa,F, (^ = 5i^) (6.0) 

a Jt. \ a 487r / 

which is kinetic term for conformal part of the metric, F. After change the variables, 
F -^ *F = F + §ajX*, the term with linear dilaton field disappears but at the same time 
the space-time metric obtains new term Gij -^ *Gij = Gij — aaiaj. It seems that linear 
dilaton field does not change anyhting, because the new conformal factor *F decouples 
and we obtain the standard action without dilaton field. But, it is not complete story, 
because new space-time metric *Gij becomes singular and produces the gauge symmetry 
in the theory. It is easy to check that for o^ = — the vector a* is singular vector of the 
metric *Gij. 

We carefully investigate all three cases when the Liouville action is included. We find 
that all important results, such as the form of the solution 



*^« 



^D,(<^) = *Q*(^) - 2'^0*^' [ da,*P,{a,) , (6.7) 

'Q' = CPDj,q', *Pi = CPD,Vp,, {*Q\a),^P,ia)} = CPDjM'^^^)^ (6-8) 

the dimensions of Dp-brane, the number of commutative and noncommutative variables 
and the noncommutativity relation 

{*Xh^{r,a),^XJ,^{r,a)}=^&^A{a + a), [*Xh^{a) =*xh^{a) - Cx'j^^U] , (6.9) 

are the same as in the absence of Liouville action. In both cases where Oj is light-like vector 
either with respect to *Gij or *G^/ , the noncommutativity parameters can be expressed 
as 

^Q^J = -i(G;/. ""Pd.bg-' *PD,r , (6.10) 

where projectors *Pdp ai"e defined in the table II and in the equations HA.14|) and HA.16|) . 
In the first case, where Oj is not light-like vector, the noncomutavity parameter takes the 
form 

*Q^i = --(*G-}fB *G-^y^ = --{G-}flfTBG-^lfTy^ , (6.11) 

where 

iii°T)i' = i'^T)i' + :r^i^(no)*^' , (6.12) 



aa^ 



and Ily and Uq are defined in (|A.6|) 
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The only differences produced by Lioville term are that local gauge symmetries appear 
for a^ = — and a? = — instead for a^ = and a? = and that some variables change 
the roles , xq — > *F and F — > xq. So, instead of xq, the variable *F is commutative. 
In the first case xq is noncommutative instead of F and in the second and third case xq 
satisfies the Dirichlet boundary conditions instead of F. Results of these investigations 
are presented in the table II and will be published separately. The projectors {*PT)i-' and 
{*PT)i^ are defined in (UtH) and (|XT6l) . 



Case 


Npcc 


Nscc 


Ddp 


{''PD,)^' 


VDbc 


{*xn,y 


*Xc 


5V -, aV - 

' a ' 'a 





p+2 


p+2 


6i^ 


- 


X* 


*F 


a2 = i,aV- 

a ' 'a 


1 


p+2 


P 


{'PtV 


Xq,Xi 


{*PTxy 


*F 


52 = i,a2/i 


2 


P 


P 


{*PT)^^ 


Xq,Xi 


{*PTxy 


*F 



After quantization, Poisson brackets (|6.4() and 1)6. 9|1 turn to the commutation relations. 
Now, we are ready to comment whether the conformal symmetry survives on the quantum 
level at the endpoints of the open string. The contribution of the field F to the open string 
theory is nontrivial only in the first case, where it becomes a noncommutative variable 
instead of xq. In other two cases it disappears (see Table I). So, if in addition to space-time 
field equations (|2.2|) - (|2.4I) . we require either a2 = or a2 = 0, the open string theory will 
be conformally invariant. In the presence of Liouville term the corresponding variable *F 
decouples from the theory and has the role of commutative coordinate (see Table II). In 
that case the equations (|2.2|) - ()2.3() are enough for conformal invariance of the open string 
theory. 

A Projectors 

In this appendix we introduce projector operators in order to separate noncommutative 
and nonphysical variables on Dp-brane as well as to express the noncommutativity pa- 
rameter. 

The projectors on the direction rii and on the subspace orthogonal to vector n^ are 



(n). 



niW 



n^ 



, (UT)i' = 6^ - (n), 



where n* = g'^^rij and n? = n^rii . The transposed operator is 



(A.l) 



(A.2) 



and similarly for 11^. Using these projectors we can decompose arbitrary covariant vectors 

TTi = (7rL)i + {-KT)i , {-n:L)i = (n)i%j , {TTT)i = {UT)i^TTj , (A.3) 
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and contravariant ones 



(A.4) 



We are going to apply this procedure to few cases choosing particular vectors rij and 
metrics gij. 

A.l Case rti = ai and gij = Gij 

For Hi — > (no)i = a^ and gij — > Gij we obtain 



(n). 



{Po^ 



ttitt-^ 



{UT)i' 



{P^)i^ = 6,^ - {Po)i^ 



(A.5) 



A. 2 Case Ui = ai and g = G^j 

For the same vector nj — > (no)i = Oj, but using the effective metric gij — > G^j , we have 



(n)/ ^ (no).^^ 



a,a-' 



, {Ut\' ^ (n".),^' = 5,^ - (n, 



ojr 



(A.6) 



A. 3 Case rii = {aB)i and g^j = Gij 
Applying the same procedure, for vector rii 

4 



[ni) 



{aB)i and gij — > Gij , we have 



(n).^ - (ni^ 



a? — a? 



{Ba)i{aBy , {HtV ^ (n^).'' = V - (Hi: 



(A.7) 



We introduce new notation for the cases where ai is light-like vector with respect to 
Gij (a2 = 0) 



{Pi)i^ = {Ili)i^ 



a2=0 a? 



-{BaUaBy , {P^)i^ = (H^ 



ri, ^ .i 



a2=0 



and with respect to the effective metric Gij {a^ = 0) 



*j 



(Pi).' 



(iiiy 



0.2=0 



;{Ba)i{aBy, (P^V = (H^) 



a2=0 



V - (Pl).^' , (A. 



V - (A)i^' . (A.9) 



eff 



A.4 Case (no)j = flj and (ni)j = {aB)i and (^ij = G! 

Let us construct the projector orthogonal to the vectors (no)i = a^ and (ni)j = {aB)i with 
respect to the effective metric Gij . These two vectors are mutually orthogonal and it is 
enough to use the constructed projectors on the direction aj, (|A.6|) . and on the direction 
{aB)i, (|A.7|) . to construct the projector orthogonal on them 



{UtV = 5y - {iio)y - (no 



(A.IO) 
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For a^ = 0, we have 

(Pry = {Ury 



a^=0 



6i' - iUo)^ - iPi)^ 



For a^ = 0, Ho and Unp are singular, but it is useful to introduce projector 



In the case when a^ = — we have 

a 



,2^i 



^-{BaUdPy , 



ad'' — 1 



CPtV = {UtV ^ ,=S^- CPoV - CPih' 

a'^ = — 

a 

and similarly for a^ = — we get 



CPo%' = (Ho)/ ,^_ , = aafa^ , CW = (n 



i;r 



4a 



a'^=h 1 — aa^ 



(A.ll) 
(A.12) 

(A.13) 
(A.14) 

{BaUdBy, (A.15) 



CPt)^ = (Ht),^' ,^_, = V - CPoV - CPiV ■ 



(A.16) 



It is useful to introduce following notation for the projections of vectors x* and ttj 

xo = {no)iX^ = ajX* , xi = (ni)jX* = {aB)ix'' , ttq = ngTrj = aVj , tti = n^TTj = (aS)Vj 

(A.17) 
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